In his lost notebook, Ramanujan defined a parameter λ n by a certain quotient of Dedekind eta-functions at the argument q = exp(−π n/3). He then recorded a table of several values of λ n . To prove these values (and others), we develop several methods, which include modular equations, the modular j-invariant, Kronecker's limit formula, Ramanujan's "cubic theory" of elliptic functions, and an empirical process.
Introduction.
On the top of the page 212 in his lost notebook, Ramanujan defined the function λ n by (1.1) Note that for several values of n, Ramanujan did not record the corresponding value of λ n . The purpose of this paper is to establish all the values of λ n in (1.2), including the ones that are not explicitly stated by Ramanujan, by using the modular j-invariant, modular equations, Kronecker's limit formula, and an empirical approach. Applications of values for λ n will appear in papers by Chan, W.-C. Liaw, and V. Tan [16] , Chan, A. Gee, and Tan [14] , and by Berndt and Chan [6] .
The function λ n had been briefly introduced earlier in his third notebook [25, p. 393], where Ramanujan offered a formula for λ n in terms of Klein's j-invariant, first proved by Berndt and Chan [5] , [3, p. 318, Entry 11.21] by using Ramanujan's cubic theory of elliptic functions to alternative bases. As K.G. Ramanathan [23] pointed out, the formula in the third notebook is for evaluating λ n/3 , especially for n = 11, 19, 43, 67, 163. Observe that −11, −19, −43, −67, and −163 are precisely the discriminants congruent to 5 modulo 8 of imaginary quadratic fields of class number one. (Ramanathan inadvertently inverted the roles of n and n/3 in his corresponding remark.) In Section 2, we discuss some of these results in Ramanujan's third notebook and show how they can be used to calculate the values of λ n when 3|n.
In this and the next two paragraphs, we offer some necessary definitions. Let η(τ ) denote the Dedekind eta-function, defined by In Section 3, using a modular equation of degree 3, we derive a formula for λ n in terms of the Ramanujan-Weber class invariant which is defined by (1 − aq n ).
In Sections 4 and 5, we establish all 8 values of λ p 2 in the table (1.2). Our proofs in Section 4 employ certain modular equations of degrees 3, 5, 7, and 11. The first three were claimed by Ramanujan [25] , and the last one was newly discovered by Berndt, S. Bhargava, and F. G. Garvan [4] as a modular equation in the theory of signature 3 in [4] . In the theory of signature 3, we say that the modulus √ β has degree n over the modulus √ α when (1.8)
A modular equation of degree n in the theory of signature 3 is a relation between α and β which is induced by (1.8) . In Section 5, we employ recent discoveries of Chan and W.-C. Liaw [15] , [20] on Russell-type modular equations of degrees 13, 17, and 19 in the theory of signature 3. In these two sections, we also determine the values of λ 5 , λ 7 , λ 11 , and λ 17 . In two papers [22] , [23] , using Kronecker's limit formula, Ramanathan determined several values of λ n . In [23] , in order to determine two specific values of the Rogers-Ramanujan continued fraction, he evaluated λ 25 by applying Kronecker's limit formula to L-functions of orders of Q( √ −3) with conductor 5. This method was also used to determine λ 49 . In the other paper [22] , Ramanathan found a representation for λ n in terms of fundamental units, where −3n is a fundamental discriminant of an imaginary quadratic field Q( √ −3n) which has only one class in each genus of ideal classes. In particular, he calculated λ 17 , λ 41 , λ 65 , λ 89 , and λ 265 . This formula and all 14 values of such λ n 's are given in Section 6. In the same section, we extend Ramanathan's method to establish a similar result for λ n when −3n ≡ 3 (mod 4) and there is precisely one class per genus in each imaginary quadratic field Q( √ −3n). Through Section 6, all values of λ n in (1.2) are calculated except for n = 73, 97, 193, 217, 241. In Section 7, we employ an empirical process, analogous to that employed by G. N. Watson [29] , [30] in his calculations of class invariants, to determine λ n for these remaining values of n. This empirical method has been put on a firm foundation by Chan, A. Gee and V. Tan [14] . Their method works whenever 3 n, n is squarefree, and the class group of Q( √ −3n) takes the form
The first representation of λ n in (1.4) suggests connections between λ n and Ramanujan's alternative cubic theory. In fact, Berndt and Chan [5] have recently found such a relationship. In Section 8, applying one of their results, we establish an explicit formula for the j-invariant in terms of λ n , and evaluate several values of the j-invariant. Values of the j-invariant play an important role in generating rapidly convergent series for 1/π. For example, using the value of λ 1105 , Berndt and Chan [6] established a series for 1/π which yields about 73 or 74 digits of π per term. The previous record, which yields 50 digits per term, was given by the Borweins [9] in 1988.
The values of λ n are not only related to convergent series for 1/π via the j-invariants. In fact, Chan, Liaw, and Tan generated [16] a new class of series for 1/π depending on values of λ n . Using the values of λ n proved in this paper, they derived many simple series for 1/π which are analogues of Ramanujan's series "belonging to the theory of q 2 ". For example, he proved that
which follows from the value λ 9 = 3 and a certain Lambert-type series identity. In the table (1.2), we observe that if n is not divisible by 3, then λ n is a unit. In fact, in the final section, we show that λ n is a unit when n is odd and 3 | n.
We conclude the introduction by summarizing in a table the values of n for which λ n is determined in this paper, and the sections where the values can be located. Recall that [17, p. 81 ] the invariants J(τ ) and j(τ ), for τ ∈ H := {τ : Im τ > 0}, are defined by
and
Furthermore, the function γ 2 (τ ) is defined by [18, p. 249 ]
where that branch which is real when τ is purely imaginary is chosen. In his third notebook, at the top of page 392 in the pagination of [26] , Ramanujan defines a function J n by (2.4)
For 15 values of n, n ≡ 3 (mod 4), Ramanujan indicates the corresponding values for J n . See [3, pp. 310-312] for proofs of these evaluations. In particular,
The first five values of n for λ n in (1.2) are those for which 3n = 3, 27, 51, 75, 99; the corresponding values of J n are given in (2.5). Then on the next page, which is the last page of his third notebook, Ramanujan gives a formula leading to a representation of λ n . by (1.4) and (2.6), (2.7) may be restated as (2.8) 3 √ 3λ n/3 = 8J n + 3 + 2 64J 2 n − 24J n + 9 − 8J n + 6. By substituting J 3 = 0 into (2.8), we determine the first value of λ n in (1.2), and we state it as a corollary. Corollary 2.2.
Unfortunately, it is not so easy to find other values of λ n from Theorem 2.1. We have to struggle with complicated radicals even when n = 9 for which λ 9 = 3. It seems that Ramanujan used this formula to determine the values of λ n/3 for rational integral values of J n as given in the following table, which constitutes the first part of the last page of the third notebook. But we are going to use Ramanujan's discoveries recorded between the table (2.9) and Theorem 2.1 on the last page in his third notebook. Ramanujan first sets, for q = exp(−π √ n),
and (2.11)
(To avoid a conflict of notation, we have replaced Ramanujan's second t n by u n .) He then asserted that
and listed very simple polynomials satisfied by t n and u n . The definition of u n in (2.11) seems unmotivated, but by recalling from the proof of Theorem 2.1 in [3, p. 321, (11.33)] that
we find that (2.14)
We summarize these results in the following two corollaries.
Corollary 2.3.
Proof. This is a restatement of either (2.13) or (2.14), with the definition of λ n in (1.4).
Proof. By (1.4) and (2.10), t 6 n = 27λ n/3 λ −1
3n . We obtain the result at once from (2.12).
Corollary 2.5.
Proof. Let n = 3 in either Corollary 2.3 or Corollary 2.4. The result follows immediately from the fact that J 3 = 0 and λ 1 = 1.
Corollary 2.6.
Proof. (i) is an immediate consequence of Theorem 2.1 with n = 11, since J 11 = 1. Using (i) and either Corollary 2.3 or Corollary 2.4 when n = 11, we obtain (ii).
Corollary 2.7.
Proof. Using (2.8) with n = 19, we find that
Then (2.15) becomes
Hence, by applying the quadratic formula to 3. λ n and the class invariant G n .
In [23] , Ramanathan introduced a new function µ n , defined by
Then by (1.4), (3.1), and Euler's pentagonal number theorem,
Hence from (1.7), we deduce the following result:
Recall the modular equation [2, p. 204, Entry 51]
By replacing q by −q in (3.3), we deduce from (1.4), (3.1), (3.2) and Theorem 3.1 that
Solving (3.4) for λ n µ n , we find that
. Hence from Theorem 3.1 and (3.5), we derive the following theorem. 
We give another proof of Corollary 2.2.
Corollary 3.3. [24] , (G 1/3 /G 3 ) 6 = 1. Substituting this value into Theorem 3.2, we have (i), and then using Theorem 3.1, we deduce (ii) at once.
Corollary 3.4.
Proof. Let n = 3 in Theorem 3.2 and use the values [3, p. 189],
λ n and modular equations.
We shall employ a certain type of modular equation of degree p in P and Q p (defined in (3.2)) to calculate several values of λ n . First, recall the modular equation of degree 9 [1, p. 346, Entry 1(iv)],
After replacing q by −q in both sides, we deduce the following result from the definition of λ n in (1.4).
Theorem 4.1.
Corollary 4.2.
Proof. Let n = 1 and n = 9 in Theorem 4.1 to obtain (i) and (ii), respectively.
At the end of Section 1, we remarked that λ n is a unit for odd n not divisible by 3. With this as motivation, set
and let
By determining Λ in (4.3) and then using (4.4) and (4.2), we next use modular equations to prove all the evaluations of λ p 2 given explicitly by Ramanujan in (1.2).
Theorem 4.3.
Proof. From [2, p. 221, Entry 62], we find that
, where P and Q 5 are defined by (3.2). We can deduce Theorem 4.3 from (4.5) and (1.4) immediately after replacing q by −q.
Corollary 4.4.
Proof. For brevity, we set λ = λ 25 in the proof. Let n = 1 in Theorem 4.3. Then we have
which can be simplified, after squaring both sides, to
Thus Λ = 3 and a = 1/4 by (4.4). Hence from (4.2),
Theorem 4.5.
Proof. By (3.2) and (1.4), this theorem can be deduced from [2, p. 236, Entry 69]
with q replaced by −q.
Corollary 4.6.
Proof. Let n = 1 in Theorem 4.5 and set λ = λ 49 . Then
which can be simplified to
.
Squaring both sides of (4.9), we deduce that
Hence Λ = 5 and
, by (4.2) and (4.4).
Theorem 4.7.
Proof. A new modular equation of degree 11, which was not mentioned by Ramanujan, was proved by Berndt, Bhargava, and Garvan [4] , and is given by
, where P and Q 11 are defined by (3.2). Replacing q by −q in the equation above yields Theorem 4.7.
Corollary 4.8.
Proof. Letting n = 1 and Λ = λ 1/3
121 in Theorem 4.7, we deduce that
Rearranging (4.11) to
and then squaring both sides, we deduce the equation
We complete the proof by using (4.2) and (4.4).
We now establish λ 5 , λ 7 , and λ 11 as well by using Theorems 4.3, 4.5, 4.7, and the following lemma.
Lemma 4.9.
Proof. Recall that
From these properties of the Dedekind eta-function or Entry 27(iv), Ch. 16 in [1, p. 43], we find that
Hence the lemma follows from (1.4).
Corollary 4.10.
Proof. Letting n = 1/5 in Theorem 4.3 and using Lemma 4.9, we have
5 . Solving this equation for λ 5 completes the proof. 
Proof. Letting n = 1/7 in Theorem 4.5 yields, by Lemma 4.9, 
Then the value of λ 7 follows immediately.
Corollary 4.12.
Proof. If n = 1/11 in Theorem 4.7, then by Lemma 4.9,
By the quadratic formula, 
Taking the positive square root above, we obtain the value of λ 11 .
λ n and modular equations in the theory of signature 3.
Suppose β has degree p over α in the theory of signature 3, and let 
Thus it follows that
and [10] (5.8)
we find that
(This was also proved by Ramanujan; see [1, p. 460, Entry 3(i)].) Hence, by (5.4)-(5.7) and (5.9),
Then from (5.10) and (5.11), we find that
and (5.14)
We now employ modular equations in x and y to calculate further values of λ n . Theorem 5.1.
(λ
Proof. The modular equation of degree 17 with which we start was proved by Chan and W.-C. Liaw [15] and is given by 
Hence Λ is a root of the equation 
where R(x, y) contains a factor 1/(x 3 y 3 ). Let q = e −π/ √ 3 , recall that λ 1 = 1, and set λ = λ 169 . Replacing q by −q in (5.19), by (1.4), we find that
since R(x, y) equals 0 after q is replaced by −q, for
13 ) is a factor of R(x, y), and
− 44443969755835Λ − 90882188302360 = 0, which simplifies to 
where R(u, v) is a sum of terms with a factor 1/(uv), which equals 0 after setting q = e −π/ √ 3 and replacing q by −q. With Λ = λ 361 + λ −1 361 , we eventually find that
− 7249503742499660191624Λ − 29289891786172199497868 = 0, which simplifies to
Solving the equation Λ = λ 361 + λ
−1
361 for λ 361 , we complete the proof. The modular equation of degree 19 given above can also be used to calculate λ 19 ; see also Corollary 6.5(iii).
λ n and Kronecker's limit formula.
Let m > 0 be square-free and let K = Q( √ −m), the imaginary quadratic field with discriminant d, where
. If P denotes a prime ideal in K, then the Gauss genus character χ is defined by
where N (P) is the norm of the ideal P and ( 
Ramanathan utilized Theorem 6.1 to compute λ n and µ n [22, Theorem 4]. Theorem 6.2 (Ramanathan) . Let 3n be a positive square free integer and let K = Q( √ −3n) be an imaginary quadratic field such that each genus contains only one ideal class. Then For any ideal class C, not C 0 nor C 1 , Ramanathan [22] showed that
which implies that
where F (C) is defined by (6.4) . Therefore, by (6.5),
, since the number of genus characters is h, and so the number of genus characters such that χ(C 1 ) = −1 is h/2. With a similar argument, we find that
Dividing (6.7) into (6.8), we have
But, by (6.4),
The theorem now follows from (6.9), (6.10), and (1.4).
We can apply Theorem 6.4 to evaluate λ n when n = 7, 11, 19, 31, 35 
Proof. For all five values of n above, the corresponding imaginary quadratic field Q( √ −3n) has class number 4 and genus number 4. Since the values of λ 7 and λ 11 are already determined in Corollaries 4.11 and 4.12, respectively, we will discuss only the last three values.
The following tables summarize the needed information about ideal classes and their characters.
Let K = Q( √ −57).
By Theorem 6.4,
By Theorem 6.4, 
Proof. We give the calculation for only (i), as the calculations in the remaining four cases are similar. 
7. An empirical process for computing λ n .
In this section, we describe an empirical process which can be used to derive values of λ n for n = 73, 97, 193, 217, and 241. This empirical process is analogous to those used by G.N. Watson [29] , [30] in his computations of the Ramanujan-Weber class invariants G n and g n . In [14] , this empirical method will be put on a firm foundation, and it will be shown that λ n can be explicitly determined when n ≡ 1 (mod 4), 3 n and the class group of Q( √ −3n) is of the type Z 2 ⊕ Z 2 ⊕ · · · ⊕ Z 2 ⊕ Z 4 . This result is analogous to that associated with the Ramanujan-Weber class invariant G n proved in [13] . It is clear that this method works for groups of the type Z 2 ⊕ Z 2 ⊕ · · · ⊕ Z 2 (which is the class group of imaginary quadratic fields having one class per genus). Hence, the empirical process illustrated here can also be used to determine the values of λ n given in Section 6.
It remains to determine the value of λ 193 . The class group of Q( √ −579) is Z 8 , and so it does not belong to the set of n's that we discuss here. However, we know that [14] A rigorous proof of (7.1) can be found in [14] .
Evaluation of the modular j-invariant.
The base q in the alternative cubic theory is defined by .
From the relation between the j-invariant and the modulus √ α in the cubic theory [5] (8 Let τ = (3+ √ −n)/6. Then by (2.4), (1.3), and (1.4), we obtain the following theorem after replacing n by 3n and dividing both sides by −1. 
Every ideal in O K prime to f is proper.
If ν is an algebraic integer and A is an O K ideal, we write ν ≈ A to mean that νO L = AO L in some larger number field L. Similarly, if ν 1 and ν 2 are algebraic integers, we write ν 1 ≈ ν 2 to mean that ν 1 /ν 2 is a unit.
